ABSTRACT. The present paper investigates the multiaxial fatigue strength of sharp V-notched components made of titanium grade 5 alloy (Ti-6Al-4V). Axisymmetric notched specimens have been tested under combined tension and torsion fatigue loadings, both proportional and non-proportional, taking into account different nominal load ratios (R = -1 and 0). All tested samples have a notch root radius about equal to 0.1 mm, a notch depth of 6 mm and an opening angle of 90 degrees. The fatigue results obtained by applying multiaxial loadings are discussed together with those related to pure tension and pure torsion experimental fatigue tests, carried out on both smooth and notched specimens at load ratios R ranging between -3 and 0.5. Altogether, more than 250 fatigue results (19 S-N curves) are examined, first on the basis of nominal stress amplitudes referred to the net area and secondly by means of the strain energy density averaged over a control volume embracing the V-notch tip. The effect of the loading mode on the control volume size has been analysed, highlighting a wide difference in the notch sensitivity of the considered material under tension and torsion loadings. Accordingly, the control radius of the considered titanium alloy (Ti-6Al-4V) is found to be strongly affected by the loading mode.
INTRODUCTION
or a wide comparison between different approaches adopted to the multiaxial fatigue strength assessment of metallic materials, the reader is referred to a recent review [1] and a report [2] , which are based on a large bulk of experimental data obtained from notched specimens. A fundamental role is occupied by critical plane approaches F [3, 4] and by some important variants [5] [6] [7] . In this context, approaches based on energy calculations find significant applications [8] . A multiaxial fatigue approach based on a frequency-domain formulation of a stress invariant, the so-called "Projection by Projection" (PbP) criterion has been reported in the recent literature [9] . The critical plane-based Carpinteri-Spagnoli approach has recently been extended to a frequency-domain formulation [10] . An energy-based parameter has been adopted to assess the fatigue strength under uniaxial fatigue loadings first by Jasper [11] in 1923. Then, Ellyin suggested a criterion based on the combination of plastic and elastic strain energy [12] [13] , to deal with multiaxial fatigue loadings. A wide review of energybased criteria for multiaxial fatigue strength assessment has been reported in [14] . Moreover, the problems relevant to multiaxial fatigue have been investigated both theoretically and experimentally by several researchers [15] [16] [17] [18] [19] [20] [21] [22] . This contribution is aimed to analyse the fatigue strength of severely notched titanium grade 5 alloy under multiaxial loadings. The considered titanium alloy (Ti-6Al-4V) is widely employed in advanced military, civil aerospace and naval applications. The in-service conditions of titanium structural components are usually characterized by a complex stress state coupled with an aggressive environment. The titanium grade 5 alloy has high static and fatigue properties, a very good strength-to-mass ratio and an excellent wear resistance. The uniaxial fatigue strength of un-notched and notched titanium components has been extensively analysed in the literature. However, a complete set of experimental data relevant to sharp V-notched specimens made of Ti-6Al-4V and subjected to torsion and combined tension and torsion loadings, both proportional and non-proportional, is not available in the literature. To fill this lack, a complete set of experimental data from sharp V-notched components made of titanium grade 5 alloy (Ti-6Al-4V) under multiaxial fatigue loading is provided here. Experimental fatigue tests under combined tension and torsion loadings have been carried out on circumferentially Vnotched specimens, with two nominal load ratios, namely R = -1 and R = 0. The fatigue results obtained by applying multiaxial loadings are compared with those related to pure tension and pure torsion experimental fatigue tests, carried out on both smooth and notched specimens at load ratios R ranging between -3 and 0.5. All in all, more than 250 fatigue data (19 Wöhler curves) are examined in terms of nominal stress amplitudes referred to the net area. Then, the experimental fatigue strength data have been reanalysed in terms of the strain energy density (SED) averaged over a control volume embracing the notch tip [23] [24] [25] [26] [27] [28] [29] [30] [31] . The effect of the loading mode on the control volume size has been analysed, highlighting the need to use a different control radius under tension and torsion loading, due to a wide difference in the notch sensitivity of the considered material under tension and torsion loadings. The expressions for calculating the control radii, thought of as material properties, have been derived by imposing the constancy of the averaged SED relevant to un-notched and notched specimens, which depend on the critical notch stress intensity factors (NSIFs) and the control radius, in correspondence of 2·10 6 cycles. The unifying capacity of the averaged SED criterion is highlighted, indeed the synthesis on the basis of the local SED enables to obtain a quite narrow scatter-band, which is characterised by an equivalent stress-based scatter index T  equal to 1.58, taking into account all fatigue strength data relevant to notched and un-notched components subjected to pure tension, pure torsion and multiaxial loadings, independently of the nominal load ratio and the phase angle. Some of the results reported in the present manuscript have been previously presented and extensively discussed in [31] .
MATERIAL AND GEOMETRY OF THE SPECIMENS
he material taken into consideration in the present contribution is a titanium grade 5 alloy, also known as Ti-6Al-4V. The geometries of smooth and sharply notched specimens are reported in Fig. 1 , along with some details of the V-notch tip. The hourglass smooth specimens, shown in Fig. 1a , are characterized by a 12-mm-diameter of the net transverse area and by a wide connecting radius between the net and gross sections,  = 100 mm, so that any stress concentration is avoided. The cylindrically V-notched samples, shown in Fig. 1b , are characterized, instead, by a notch depth d equal to 6 mm and a notch angle of 90 degrees, while the notch tip radius, , is about equal to 0.1 mm. In particular, the notch root radius has been experimentally measured through an optical microscope and the dedicated software LAS (Leica Application Suite) and a mean value of 0.09 mm with a very reduced scatter has been obtained. The precision ensured by the adopted method is about ± 5% of the measured quantity. The typical V-notch profile characterised by two rectilinear flanks tangent to the notch tip radius is reported in Fig. 1b, for an example of the tested samples. To remove any scratches or processing marks on the surface, all specimens were polished before the fatigue test. 
EXPERIMENTAL RESULTS FROM FATIGUE TESTS
he experimental fatigue tests have been carried out by means of a MTS 809 servo-hydraulic bi-axial testing device (± 100 kN, ± 1100 Nm, ± 75mm/± 55°) under load control conditions. In particular, a MTS load cell with ± 0.5 % error at full scale has been employed to evaluate the nominally applied loads. A test frequency between 10 and 15 Hz has been adopted as a function of the applied load level. All in all, 19 different fatigue test series are performed, according to the parameters reported below:
 Four series of fatigue tests on smooth and sharply notched samples subjected to pure tension and pure torsion fatigue loadings, with a nominal load ratio R = -1;
 Four series of fatigue tests on smooth and sharply notched samples subjected to pure torsion fatigue loading, with nominal load ratios R = 0 and 0.5;
 Three series of fatigue tests on smooth samples subjected to pure torsion fatigue loading, with nominal load ratios R = 0.25, -2 and -3;
 Four series of fatigue tests on sharply notched samples subjected to combined tension and torsion loadings, at a constant biaxiality ratio λ = 0.6. Two load ratios, R = 0 and R = -1 (referred separately to the normal and shear T stress components), and two phase angles, Ф = 0° (proportional loadings) and Ф = 90° (non-proportional loadings), are employed;
 Four series of fatigue tests on sharply notched samples subjected to combined tension and torsion loading, at a constant biaxiality ratio λ = 2.0. Also in this case, two load ratios, R = 0 and R = -1, and two phase angles, Ф = 0° (proportional loadings) and Ф = 90° (non-proportional loadings), are adopted.
The statistical re-analyses of the fatigue strength data were carried out by assuming a log-normal distribution. All experimental data relevant to specimens with a fatigue life in the range 10 4 ÷ 2·10 6 cycles have been considered, while the run-outs have been excluded. In particular, Tab. 1 reports the nominal stress amplitudes for a probability of survival Ps = 50% and a number of cycles NA = 2·10 6 , the inverse slope k of the Wöhler curves and the scatter-index T, which gives a measure of the width of the scatter band, between the curves with 10% and 90% probabilities of survival (with a confidence level equal to 95%). Under multiaxial loading, the fatigue life results to be reduce if compared to the uniaxial loading case, with reference to the same normal stress amplitude, however the reduction is quite limited for the biaxiality ratios considered herein ( = 0.6 and 2.0). Stronger is the multiaxial fatigue strength reduction tied to the effect of the load ratio R. On the other hand, the phase angle effect is weak for R = -1, being the mean values of the normal stress amplitudes about the same at 2·10 6 cycles. While, it is higher for R = 0, being the out-of-phase loading slightly beneficial with respect to in-phase loading at high-cycle fatigue regime, whereas the fatigue strength is almost the same at low-cycle regime. The sensitivity of the considered titanium alloy to the phase angle effect results to be quite limited, being lower than +15 percent for the R = 0 case and negligible for the R = -1 case.
The fracture surfaces relevant to the specimens subjected to multiaxial loadings were examined. The phase angle seems to affect the fracture surface morphology. Indeed, some signs of micro abrasions could be seen on all fracture surfaces and the extent to which the rubbing occurred depends on phase angle. In general, a limited but distinguishable quantity of debris and powder has been emanated from the notch tip, when a visible fatigue crack started to propagate.
SYNTHESIS BASED ON THE AVERAGED STRAIN ENERGY DENSITY
ith regard to un-notched specimens, all fatigue results have been summarised here in terms of the averaged SED, which can be expressed, under linear elastic conditions, by means of Beltrami's expression. Accordingly, in the case of pure tension loading, the local strain energy density is given by:
while in the case of pure torsion loading it is given by:
In previous expressions, nom and nom are the nominal stress ranges tied to tension and torsion loadings, respectively. For the considered titanium alloy, the Young's modulus E results to be 110 GPa, while the Poisson's ratio ν is 0.3. Then, also the fatigue strength results relevant to notched samples have been reanalysed here in terms of the averaged SED, however, in this case the strain energy calculation is based on the local stress and strain state in a control volume embracing the V-notch tip. Since the notch root radius is reduced ( less than 0.1 mm), the Mode I and Mode III NSIFs, K1 and K3, can be adopted to summarised the experimental data relevant to notched samples in terms of the local strain energy density. These parameters, which describe the local stress fields, have been evaluated from linear elastic FE analyses taking into consideration a sharp V-notch with tip radius equal to 0 (see Fig. 2 ). Let us consider a cylindrical coordinate system (r, θ, z) with origin at the notch tip, where r is the radial coordinate,  is the angle between a generic point and the notch bisector line, while z is the longitudinal axis of the specimen. In particular, with reference to this coordinate system (see Fig. 2 ), the Mode 1 and Mode 3 NSIFs can be defined by means of the following expressions: Considering an opening angle of 90 degrees, the eigenvalues 1 and 3 result to be 0.545 and 0.667, respectively. Moreover, under linear elastic conditions, the NSIFs can be linked to the nominal stress components as follow:
In previous expressions, d represents the notch depth (d = 6.0 mm), while k1 and k3 are the non-dimensional factors obtained by means of proper FE analyses. They represent the shape factors, similarly to the expressions of stress intensity factors in Linear Elastic Fracture Mechanics. The quadrilateral eight-node harmonic element PLANE 83 of the Ansys element library has been adopted in the FE analyses. Taking advantage of the symmetry conditions, only one quarter of the sample geometry has been modelled. According to the FE analyses carried out, k1 is equal to 1.000, while k3 equals 1.154. The trend of the Mode III stress field, normalized with respect to the nominally applied shear stress and evaluated on the notch bisector line, is reported in Fig. 3 as a function of the distance from the notch tip. It can be observed that the stress field is controlled by the first singular term (NSIF) up to a distance from the notch tip about equal to 1.0 mm. Taking into account the notch depth of the tested samples, namely d = 6 mm, in previous Eqs (5a) and (5b), the following simple expressions can be obtained:
By substituting into Eqs. (6a) and (6b) the ranges of the nominal stresses at N A = 2·10 6 cycles relevant to notched samples subjected to pure tension and pure torsion loadings at a nominal load ratio R = -1 (see Tab. Dealing with a sharp V-notched component subjected to combined tension and torsion loadings under linear elastic conditions, the strain energy density averaged over a control volume surrounding the notch tip can be evaluated from the following closed-form expression:
In previous expression, K1 and K3 are the Mode I and Mode III NSIF ranges, respectively, R1 and R3 represent the control volume sizes related to Mode I and Mode III loadings, respectively, while e 1 and e 3 are known coefficients which take into account the local notch geometry. These parameters are tied to the integrals over the control volume of the angular stress functions and they can be evaluated a-priori by means of closed-form expressions, as a function of the notch opening angle. Being the tested samples characterized by an opening angle 2 of 90 degrees, e 1 and e 3 result to be 0.146 and 0.310, respectively, with reference to a Poisson's ratio  = 0.3. Very refined FE meshes must be adopted in the close vicinity of the singularity point to evaluate the NSIFs on the basis of definitions (3) and (4). On the other hand, the local SED results to be insensitive to the mesh refinement. Indeed, it can be accurately calculated also from FE analyses with coarse meshes, since it directly depends on nodal displacements. The most important and useful advantages tied to the use of the averaged strain energy density parameter are analysed and discussed in detail in Ref. [30] . The expressions for calculating the control radii, thought of as material properties, have been derived by imposing the constancy of the averaged SED relevant to un-notched and notched specimens, which depend on the critical notch stress intensity factors (NSIFs) and the control radius, in correspondence of 2·10 6 cycles. By taking into consideration, instead, cracked samples, the critical NSIFs should be substituted by the threshold values of the stress intensity factors. By considering the Mode I and Mode III loading conditions as independent, the control radii R 1 and R 3 (as shown in Fig. 4 ) can be estimated. In particular, they result to be dependent on the high-cycle fatigue strengths of un-notched specimens, On the basis of Eqs. (9a) and (9b), the control radii result to be R 1 = 0.051 mm and R 3 = 0.837 mm, respectively. Accordingly, the control radius R1 has been adopted to compute the averaged strain energy contribution tied to tension loading, whereas the control radius R 3 has been employed to evaluate the averaged SED contribution due to torsion loading. It should be noted that the control radius R 3 is highly affected by the presence of larger plasticity under torsion loading as compared to tension loading, and by friction and rubbing between the crack surfaces, as previously discussed also for different materials [23, 30] . Under these conditions, the averaged SED is called also 'apparent linear elastic SED' to highlight that the strain energy density calculation over two different control volumes (under tension and torsion, respectively, as determined from experimental data) allows us to overcome the problem tied to shielding mechanisms, keeping a linear elastic criterion.
To summarise in the same scatter band experimental results obtained by adopting different nominal load ratios R, a coefficient cw, defined on the basis of simple algebraic considerations (reported in detail in Ref. [24, 31] ), must be introduced. The coefficient c w results to be dependent on the nominal load ratio R according to the following expression:
The parameter c w equals 1.0 in the case R = 0, while it results equal to 0.5 for R = -1. By adopting the coefficient c w , the closed-form expressions to evaluate the averaged SED, related to smooth samples (Eqs. (1, 2) ) and to components weakened by sharp notches (Eq. (8)), become as follow: Fig. 5 reports the synthesis of all experimental fatigue results analysed in the present contribution by means of the averaged SED. The control radius R 1 = 0.051 mm has been adopted to evaluate the SED contribution due to tension loading, while the control radius R 3 = 0.837 mm has been employed for the SED contribution due to torsion loading. All fatigue strength results relevant to smooth and notched samples under pure tension, pure torsion and multiaxial loading conditions are included in the obtained scatter band, independently of the nominal load ratio and of the phase angle. The design scatter band is characterized by an inverse slope k of 5.90, by an energy-based scatter index T W = 2.50 and by a SED value at N A = 2·10 6 cycles equal to 3.08 MJ/m 3 . However, the equivalent stress-based scatter index, that is T  = (TW) 0.5 , equals 1.58, which is very similar to that of the Haibach scatter band (T= 1.50). It should be noted that an extensive review of the considered experimental results will be carried out in the special issue dedicated to the 11th International Conference on Multiaxial Fatigue and Fracture (ICMFF11) [32] . 
CONCLUSIONS
large bulk of experimental fatigue results relevant to axisymmetric notched samples subjected to multiaxial loadings, both proportional and non-proportional, have been re-analysed and compared with the fatigue strength data relevant to smooth and notched samples subjected to pure tension and pure torsion loadings. All specimens were made of titanium grade 5 alloy (Ti-6Al-4V). Altogether, more than 250 fatigue results, corresponding to 19 S-N curves, have been analysed in this contribution. First, the experimental results obtained from uniaxial and multiaxial fatigue tests have been examined on the basis of nominal stress amplitudes. Then, they have been re-analysed by means of the linear elastic strain energy density (SED) averaged over a control volume surrounding the notch root. The effect of the loading mode on the control volume size has been analysed in detail, showing that different control radii must be adopted under tension and torsion loading conditions, dealing with notched components made of Ti-6Al-4V titanium alloy. The averaged SED-based synthesis enables to obtain a quite narrow scatter band, characterized by an energy-based scatter index of 2.50. In particular, the fatigue design scatter band was derived by taking into account all experimental results relevant to smooth and notched samples under pure tension, pure torsion and multiaxial loading conditions, regardless the nominal load ratio and the phase angle.
